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Abstract. We present the results of an extensive theo-
retical investigation on the pulsation behavior of Bump
Cepheids. We constructed several sequences of full ampli-
tude, nonlinear, convective models by adopting a chemi-
cal composition typical of Large Magellanic Cloud (LMC)
Cepheids (Y=0.25, Z=0.008) and stellar masses ranging
from M/M⊙=6.55 to 7.45. We find that theoretical light
and velocity curves reproduce the HP, and indeed close
to the blue edge the bump is located along the descend-
ing branch, toward longer periods it crosses at first the
luminosity/velocity maximum and then it appears along
the rising branch. In particular, we find that the predicted
period at the HP center is PHP = 11.24± 0.46 d and that
such a value is in very good agreement with the empiri-
cal value estimated by adopting the Fourier parameters of
LMC Cepheid light curves i.e. PHP = 11.2±0.8 d (Welch et
al. 1997). Moreover, light and velocity amplitudes present
a ”double-peaked” distribution which is in good quali-
tative agreement with observational evidence on Bump
Cepheids. It turns out that both the skewness and the
acuteness typically show a well-defined minimum at the
HP center and the periods range from PHP = 10.73±0.97
d to PHP = 11.29 ± 0.53 d which are in good agreement
with empirical estimates. We also find that the models at
the HP center are located within the resonance region but
not on the 2:1 resonance line (P2/P0= 0.5), and indeed
the P2/P0 ratios roughly range from 0.51 (cool models) to
0.52 (hot models).
Interestingly enough, the predicted Bump Cepheid
masses, based on a Mass-Luminosity (ML) relation which
neglects the convective core overshooting, are in good
agreement with the empirical masses of Galactic Cepheids
estimated by adopting the Baade-Wesselink method
(Gieren 1989). As a matter of fact, the observed mass
at the HP center -P ≈ 11.2 d- is 6.9 ± 0.9 M⊙, while
the predicted mass is 7.0 ± 0.45 M⊙. Even by account-
ing for the metallicity difference between Galactic and
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LMC Cepheids, this result seems to settle down the long-
standing problem of the Bump mass discrepancy.
Finally, the dynamical behavior of a cool Bump
Cepheid model provides a plain explanation of an ill-
understood empirical evidence. In fact, it turns out that
toward cooler effective temperatures the bump becomes
the main maximum, while the true maximum is the bump
which appears along the rising branch. This finding also
supplies a plain explanation of the reason why the pul-
sation amplitudes of Bump Cepheids present a ”double-
peaked” distribution.
Key words: Stars: variables: Cepheids – hydrodynamics
– Magellanic Clouds – stars: distances – stars: evolution –
stars: oscillations
1. INTRODUCTION
More than seventy years ago Hertzsprung (1926) dis-
covered that a subsample of Galactic classical Cepheids
presents a relationship between the bump along the light
curve and the pulsation period; the so-called ”Hertzsprung
Progression” was subsequently discovered among Mag-
ellanic Clouds (MCs) and Andromeda Cepheids by
Kukarkin & Parenago (1937), Shapley & Mckibben Nail
(1940), and by Payne-Gaposchkin (1951,1954). The HP
observational scenario was enriched by Joy (1937) and by
Ledoux & Walraven (1958) who found a similar behavior
in radial velocity curves.
The empirical finger-print of the HP is the following:
classical Cepheids in the period range 6 < P < 16 d show
a bump along both the light and the velocity curves. This
secondary feature appears on the descending branch of
the light curve for Cepheids with periods up to 9 days,
while it appears close to maximum light for 9 < P < 12 d
and moves at earlier phases for longer periods. On the
basis of this observational evidence this group of vari-
ables was christened ”Bump Cepheids” for avoiding to be
mixed-up with ”Beat Cepheids”. In fact, the latter group
refer to mixed-mode variables -i.e. objects in which two
2 Bono et al.: The Hertzsprung progression
or more modes are simultaneously excited- and therefore
both the shape of the light curves and the pulsation ampli-
tudes change from one cycle to the next, whereas Bump
Cepheids are single mode variables and their pulsation
properties are characterized by a strong regularity over
consecutive cycles.
A more quantitative approach concerning Bump
Cepheids was originally suggested by Kukarkin & Pare-
nago (1937), Payne-Gaposchkin (1947), and more recently
by Simon & Lee (1981) who investigated the shape of the
light curves by means of Fourier analysis. The last au-
thors found that both the phase difference -φ21- and the
amplitude ratio -R21- show a sharp minimum close to the
HP center. Following this approach several investigations
have been already devoted to Fourier parameters of Galac-
tic and Magellanic Cepheids. In particular, Moskalik et al.
(1992, hereinafter MBM) suggested that the minimum in
the Fourier parameters for Galactic Cepheids takes place
at PHP = 10.0 ± 0.5 d, while Moskalik et al. (2000) by
investigating a sample of more than 100 radial velocity
curves found PHP = 9.95 ± 0.05 d. At the same time,
Welch et al. (1997) by investigating a large sample of
Cepheids in the LMC estimated that the minimum in the
Fourier parameters is located at PHP = 11.2±0.8 d. Thus
supporting the shift of the HP center toward longer peri-
ods originally suggested by Payne-Gaposchkin (1951) and
strengthened by Andreasen & Petersen (1987) and by An-
dreasen (1988). More recently Beaulieu (1998) suggested
that the HP center in LMC and in Small Magellanic Cloud
(SMC) Cepheids is located at PHP = 10.5 ± 0.5 d and
PHP = 11.0 ± 0.5 d respectively. Since these three stellar
systems are characterized by different mean metallicities,
namely Z=0.02 (Galaxy), Z=0.008 (LMC), and Z=0.004
(SMC), this empirical evidence seems to suggest that a de-
crease in metallicity moves the HP center toward longer
periods.
Up to now, two distinct models have been proposed in
the literature to explain the appearance of the HP among
Bump Cepheids; the echo model and the resonance model.
The former was suggested by Whitney (1956) and dis-
cussed by Christy (1968,1975) on the basis of Cepheid non-
linear, radiative models. According to Christy, during each
cycle close to the phases of minimum radius and before the
phase of maximum expansion velocity a pressure excess is
generated in the first He ionization region. This pressure
excess causes a rapid expansion which in turn generates
two pressure waves moving outward and inward. The lat-
ter reaches the stellar core close to the phase of maximum
radius, then reflects and reaches the surface one cycle later
causing the appearance of the bump. The resonance model
was suggested by Simon & Schmidt (1976, hereinafter SS)
and is based on linear, adiabatic periods. In this theoreti-
cal framework the bump would be caused by a resonance
between the second overtone and the fundamental mode
and it takes place when the period ratio between these
two modes is close to 0.5. In particular, they suggested
that the instability of the fundamental mode drives, due
to a resonance, the second overtone instability. This ex-
planation lies on the evidence that the nonlinear, radia-
tive models constructed by Stobie (1969) show a bump
along the radial velocity curves close to the resonance line
P2/P0= 0.5.
Such an extensive observational and theoretical effort
devoted to Bump Cepheids were not only aimed at un-
derstanding the HP but also at providing independent es-
timates of both the mass and the radius of these vari-
ables. In fact, dating back to Christy (1968, 1975), Stobie
(1969) and Fricke et al. (1972, hereinafter FSS) it was
suggested that these two evolutionary parameters can be
constrained on the basis of period and phase of the bump.
A different method to estimate the mass, based on pe-
riod ratios, was suggested by Petersen (1973). Note that
mass determinations based on these two methods present
a compelling feature: they are based on observables such
as periods and phases of the bump which are not affected
by systematic empirical uncertainties and therefore they
are only limited by photometric accuracy. However, pul-
sational masses based on these methods are, with few ex-
ceptions (Carson & Stothers 1988, hereinafter CS), sys-
tematically smaller than the evolutionary masses. This
longstanding puzzle raised the so-called Bump mass dis-
crepancy (see also Cox 1980) and at the same time sup-
ported the use of a ML relation based on evolutionary
models which include a mild or a strong convective core
overshooting (Simon 1995; Wood 1998). Even though, the
new radiative opacities settled down this vexata questio
(MBM; Kanbur & Simon 1994; Simon & Kanbur 1994,
hereinafter SK), recent linear (Buchler et al. 1996; Simon
& Young 1997) and nonlinear (Wood et al. 1997) predic-
tions for Cepheids in the MCs present a small discrepancy
with the ML relations predicted by current evolutionary
models.
The main aim of this paper is to use up-to-date non-
linear hydrodynamical models which include the coupling
between pulsation and convection as well as canonical evo-
lutionary masses, to account for the observed properties
of Bump Cepheids. In this investigation we focus our at-
tention on the classical HP and refer to a forthcoming
investigation (Bono et al. in preparation) a more detailed
discussion on the physical mechanisms which trigger the
appearance of the HP among Bump Cepheids and on
other resonances recently proposed for both short (An-
tonello & Poretti 1986; Buchler et al. 1996) and long-
period Cepheids (Pel 1978; Antonello 1998). In order to
supply a detailed theoretical scenario we constructed a
fine grid of full amplitude, nonlinear, convective models by
adopting stellar masses ranging from 6.4 to 7.6 M⊙ and
a fixed chemical composition, namely Y=0.25, Z=0.008.
We adopted this chemical composition, because accurate
observational data on LMC Cepheids are currently avail-
able in the literature. At the same time, this metal abun-
dance can supply useful constraints on the intrinsic accu-
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racy of our nonlinear models, and indeed recent nonlinear,
Cepheid models constructed by adopting similar treat-
ments of the coupling between pulsation and convection
show at intermediate metal contents very large pulsation
destabilizations and it has been suggested that a power-
ful dissipation mechanism was not properly included in
current pulsation codes (Buchler 2000).
In §2 we briefly recall the theoretical framework
adopted for constructing Cepheid models and present non-
linear observables predicted by these models as well as
their light and velocity curves. The systematic behavior
of both luminosity and velocity amplitudes inside the in-
stability strip is investigated in §3. In this section we also
present the skewness and the acuteness of light and veloc-
ity curves and discuss the use of these parameters to mark
the position of the HP center. New analytical relations
which connect the period at the HP center to the stellar
mass and to the effective temperature of Bump Cepheid
models at minimum amplitude are also provided in this
section. In §4 we discuss the location of these models in
the HR diagram, and compare the HP center predicted
by nonlinear models with linear and nonlinear resonance
lines. The dynamical behavior of two Bump Cepheid mod-
els located close to the HP center and to the red edge of
the instability strip is investigated in detail in sect. 5. The
main results of this investigation are summarized in §6
together with a brief discussion on the observables which
can supply tight constraints on the accuracy of theoretical
models.
2. Theoretical framework
The theoretical framework adopted for constructing full
amplitude, nonlinear, convective Cepheid models was al-
ready described in Bono et al. (1998) and in paper I (Bono
et al. 1999) and therefore it is not discussed further here.
The reader interested in the physical assumptions adopted
to account for the coupling between pulsation and convec-
tion is referred to Buchler (2000). In paper III (Bono et al.
in preparation) we found that the sequence of models con-
structed by assuming M/M⊙=7.0 and Y=0.25, Z=0.008
showed a bump along both light and velocity curves which
appears at earlier pulsation phases when moving toward
longer periods. Accordingly, the amplitudes of these mod-
els showed a ”double-peaked” distribution with the two
maxima located close to the blue (hot) and to the red
(cool) edge of the instability strip and a well-defined min-
imum close to P ≈ 10.7 d. On the basis of these features
we concluded that this sequence of models undergoes the
HP when moving from the blue to the red edge. A similar
behavior in the distribution of radial velocity amplitudes
was also found by CS in a nonlinear, radiative investiga-
tion of Bump Cepheid models. However as noted by the
same authors, the velocity amplitudes were systematically
larger than the observed ones and the predicted periods
at the HP center were 10% longer than expected.
In order to supply a more detailed mapping of the HP
inside the instability strip we implemented the sequence
at M/M⊙=7.0 with new series of models constructed by
adopting a mass step of 0.15 M⊙. Linear and nonlinear
calculations were performed by adopting the same input
physics (opacity, equation of state) and the same ML re-
lation adopted in our previous investigations and based
on evolutionary models which neglect the convective core
overshooting (see paper I and III for more details). The
new sequences were extended in mass until we found a
well-defined minimum in the pulsation amplitudes inside
the instability strip. For providing a robust relationship
between the bump progression and the pulsation period
we adopted a temperature step of 100 K throughout the
instability strip and of only 50 K where the bump crosses
the luminosity maximum and moves from the descending
to the rising branch. We end up with six new series of
models ranging in mass from 6.55 to 7.45M⊙ which show
the typical behavior of the HP. After the initial pertur-
bation of the static model (see paper I) the approach to
the nonlinear limit cycle required a direct time integration
ranging from 1500 to 5000 cycles.
The input parameters of each sequence are listed in
Table 1. This table gives the nonlinear pulsation prop-
erties of the models which present a stable limit cycle.
We typically adopted a temperature step of 100 K, there-
fore the edges of the instability region can be estimated
by increasing/decreasing the effective temperature of the
hottest/coolest model by 50 K. The first three columns
list for each model the stellar mass (solar units), the loga-
rithmic luminosity (solar units), and the static effective
temperature (K). Columns 4) and 5) give the nonlin-
ear, fundamental period (d) and the logarithmic mean
radius (solar units). The observables listed in the other
columns are the following: 6) fractional radius oscillation,
i.e. ∆R/Rph = (R
max −Rmin)/Rph where Rph is the pho-
tospheric radius; 7) radial velocity amplitude (km s−1),
i.e. ∆u = umax − umin; 8) bolometric amplitude (mag),




bol ; 9) logarithmic amplitude





logarithmic amplitude of effective gravity, i.e. ∆loggeff =
loggmaxeff − logg
min
eff where geff = GM/R
2+ du/dt; 11) tem-
perature amplitude (K), i.e. ∆T = Tmax − Tmin where
T is the temperature of the outer boundary; 12) effec-





where Te is derived from the surface luminosity, 13) total
Kinetic energy (erg). The quantities listed in columns 4)
to 11) refer, with the exception of the effective gravity, to
the surface zone.
Figs. 1-6, show the light and the velocity curves of the
six new sequences for the labeled values of both mass and
luminosities. Light and velocity curves of the sequence for
M/M⊙=7.0 were already published in the ApJ on-line
edition of paper III (Fig. 11f). Note that light and veloc-
ity curves plotted in these figures show neither spurious
secondary features (bumps or dips) along the pulsation
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cycle nor sudden jumps close to the phases of maximum
compression. As already noted in paper I and III, this
feature is a significative improvement in comparison with
light and velocity curves predicted by nonlinear, radia-
tive models (Christy 1975), and indeed theoretical curves
were plotted without applying any running average or fil-
tering process for smoothing the surface variations (Karp
1975). This finding is even more relevant for investigating
the HP. In fact, up to now nonlinear, radiative predic-
tions were mainly based on radial velocity curves, since
the light curves presented several spurious secondary fea-
tures (CS; MBM). As a consequence, even though the bulk
of observational data on the HP comes from light curves,
theoretical insights were focused on the shape of radial
velocity curves.
Curves displayed in Figs. 1-6 show quite clearly that
when moving from hotter to cooler effective tempera-
tures the bump moves from the descending branch to the
rising branch, i.e. an increase in the period moves the
bump along the transition: descending branch → lumi-
nosity maximum→ rising branch. Theoretical predictions
in Figs. 1-6 disclose two key features:
a) the bump along the light curves crosses the lumi-
nosity maximum at shorter periods when compared with
the velocity curves. This means that at fixed mass and for
decreasing effective temperatures the Cepheid light curves
start to show a flat-topped shape when the velocity curves
still present the bump along the descending branch. This
finding suggests that the lasting of the flat-topped phase in
the luminosity curve is mainly governed by radius rather
than by temperature variations.
b) Along each sequence the model which attains the
smallest velocity amplitude presents a flat-topped shape
and the minimum in the luminosity amplitude coincides,
within current temperature resolution, with the minimum
in the velocity amplitude. On the basis of this evidence we
will assume as period of the HP center -PHP- the period
of the model which attains, along each sequence, the min-
imum amplitude in both luminosity and velocity changes.
3. HP Systematic behavior
In order to provide a quantitative estimate of the change in
the pulsation properties we take into account three differ-
ent parameters, namely the amplitude, the acuteness, and
the skewness of both light and velocity curves. Although
the Fourier parameters supply more detailed information
on the dynamical behavior along the pulsation cycle, we
adopted these three parameters because we are mainly in-
terested in the HP center and also because they can be
safely estimated even if the light and the velocity curves
are not perfectly sampled.
According to Stellingwerf & Donohoe (1987) we define
the acuteness as the ratio of the phase duration during
which the magnitude is fainter than the median magni-
tude -mmed = 0.5 ∗ (mmax + mmin)- to the phase du-
ration during which it is brighter -φb- than mmed, i.e.
Ac = (1/φb) − 1. This quantity is a measure of the top-
down asymmetry of the light curve and it decreases when
the shape changes from sawtooth to flat-topped. At the
same time, we define the skewness as the ratio of the phase
duration of the descending branch to the phase duration
of the rising branch -φr-, i.e. Sk = (1/φr) − 1. This quan-
tity is a measure of the asymmetry between rising and
decreasing branch and it decreases when the slope of the
rising branch becomes flatter. For symmetrical curves -not
necessarily sinusoidal- both Sk and Ac attain values close
to 1.
Table 2 gives in the first two columns the mass and
the effective temperature of each model, and in column
3) the ratio of second overtone to fundamental period.
Since the second overtones are pulsationally stable in this
region of the instability strip, we adopted for this mode
the linear, nonadiabatic period. Columns 4) to 6) list the
amplitude, the acuteness and the skewness of visual light
curves. Bolometric magnitudes were transformed into V
magnitudes by adopting bolometric corrections by Castelli
et al. (1997). Columns 7) and 8) give the acuteness and
the skewness of radial velocity curves.
Fig. 7 shows the luminosity amplitude in the V band
-AV- (top panel), the skewness (middle panel), and the
acuteness (bottom panel) as a function of the logarithmic
period. Sequences characterized by different stellar masses
(see labeled values) are plotted using different symbols.
Data plotted in Fig. 7 show that these three parame-
ters typically present well-defined minima. We find that
an increase in the stellar mass moves these minima to-
ward longer periods and that the periods of these minima
are located at PHP(AV) = 11.24 ± 0.46 d, PHP(Ac) =
11.17± 0.48 d, and PHP(Sk) = 10.73± 0.97 d, where the
errors give the standard deviations. The period of the HP
center based on Sk minima is shorter than PHP(AV), and
PHP(Ac) because the sequence for M/M⊙=6.55 does not
show a sharp minimum.
These theoretical minima appear in very good agree-
ment with the empirical determination based on the
Fourier parameters φ21 and R21 of a large sample of LMC
Cepheids provided by Welch et al. (1997) i.e. PHP =
11.2 ± 0.8 d and in reasonable agreement with the esti-
mate, based on the same approach, provided by Beaulieu
(1998) i.e. PHP = 10.5 ± 0.5 d. Here we note that the ob-
served PHP value was estimated as the period at which the
Fourier parameters φ21 and R21 of the light curves present
a sudden jump, while the predicted PHP values are the pe-
riods at which Bump Cepheid models attain the minimum
value in AV, Sk, and Ac respectively. However, Stellingw-
erf & Donohoe (1986) using adiabatic, one-zone pulsation
models showed that the jump in the φ21 parameter is cor-
related with a local minimum in the Sk parameter. At
the same time, Andreasen & Petersen (1987) in a detailed
analysis of both amplitudes and Fourier parameters found
that the jump in φ21 and in R21 of LMC Bump Cepheids
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Fig. 7. Luminosity amplitude in the V band (top panel),
skewness (middle panel), and acuteness (bottom panel) as
a function of logarithmic period. Models characterized by
different stellar masses (see labeled values) were plotted
using different symbols.
takes place at the same period, within observational un-
certainties, at which the B photographic amplitudes, the
skewness, and the acuteness attain their minimum value.
As a consequence, we conclude that not only PHP(AV)
but also PHP(Sk) and PHP(Ac) are robust indicators of
the HP center.
Data plotted in the top panel show that when moving
from the blue to the red edge the luminosity amplitudes
do not show a monotonic behavior with stellar mass. In
fact, close to the blue edge an increase in the stellar mass
causes a decrease in the pulsation amplitudes, whereas
close to the red edge the amplitudes present an opposite
behavior. Moreover, the luminosity amplitudes present a
”double-peaked” distribution throughout the strip with
two maxima located close to the blue and to the red edge
respectively. This behavior, as already noted in paper III,
supports the local minimum in the upper envelope of LMC
Cepheid amplitudes found by van Genderen (1978). Un-
fortunately, we cannot compare our predictions with more
recent CCD data on LMC Cepheids since the pulsation
amplitudes of these objects are not available in the litera-
ture yet. The distribution of Sk and Ac parameters across
the HP plotted in the middle and the bottom panel of Fig.
7 appears in good qualitative agreement with the empir-
ical estimates provided by Andreasen & Petersen (1987)
for LMC Cepheids (see their Figs. 3 and 4).
The top panel of Fig. 7 shows that the minima in
the luminosity amplitudes cover a narrow period range.
We derived two analytical relations connecting both the
stellar mass and the effective temperature to PHP. In
particular we find:
logMHP = −0.25 (±0.07) + 1.04 (±0.07) logPHP
logTHPe = 3.23 (±0.05) + 0.47 (±0.05) logPHP
where MHP is the stellar mass in solar units and the
other symbols have their usual meaning. The correlation
coefficient for these two relations are 0.99 and 0.98 respec-
tively. The use of these relations and of the pulsation rela-
tion for classical Cepheids provided in paper III supplies
an independent estimate of the luminosity, and in turn of
the radius. As a consequence, plausible assumptions on
the bolometric corrections and on the color-temperature
relation can provide firm evaluations of both stellar dis-
tances and reddening for cluster Cepheids located at the
HP center. The same approach can also be adopted for
field Cepheids located at the HP center. However, these
objects are characterized by a spread in the pulsation pe-
riod and therefore the masses and the effective tempera-
tures derived using the previous relations can be affected
by larger uncertainties. In fact, by adopting the empirical
value -PHP = 11.2±0.8 d- provided by Welch et al. (1997)
we find MHP = 7.0± 1.0M⊙, and T
HP
e = 5300± 600 K.
Fig. 8 shows the same parameters of Fig. 7 but for the
radial velocity curves. The behavior of ∆V , Sk, and Ac
versus period are quite similar to the behaviors of the same
parameters of the light curves. We find that the periods of
the minima are now located at PHP(∆V ) = 11.24 ± 0.46
d, PHP(Ac) = 11.29± 0.53 d, and PHP(Sk) = 11.27± 0.49
d respectively, and are once again in good agreement with
empirical estimates. Although light and velocity curves
show quite similar Sk values over the whole period range,
the velocity curves present larger Sk values just before the
HP center. This effect is due to the fact that the shape
of the velocity curves becomes flat-topped at minimum
amplitude whereas the light curves show the same shape
at shorter periods (see §2). The comparison of predicted
radial velocity amplitudes with observational data is dif-
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Fig. 8. Similar to Fig. 7, but for the radial velocity curves
(see text for more details).
ficult since spectroscopic measurement of LMC Cepheids
are very scanty or do not cover the HP (Antonello 1998).
However, radial velocity amplitudes for Galactic Cepheids
(see Fig. 9 of paper III) collected by Cogan (1980) and by
Bersier et al. (1994) show that the upper envelope presents
a well-defined minimum across the HP center. The same
outcome applies to the skewness, and indeed recent spec-
troscopic measurements of Galactic Cepheids (Gorynya
1998) show a sharp decrease close to logP ≈ 1. This pro-
vides a qualitative support to the predicted minima and
to the ”double-peaked” distributions shown in Fig. 8.
Finally, we note that the P2/P0 ratios (see Table 2)
of the models located at the HP center range from 0.517
for the M/M⊙=6.55 model to 0.512 for the M/M⊙=7.45
model. These period ratios were estimated by adopting
the linear second overtone periods, therefore we can safely
assume that the P2/P0 ratio at the HP center is roughly
equal to 0.51÷0.52. Even though, these models do not fall
on the 2:1 resonance line (P2/P0= 0.5) they still lie inside
the resonance region. In fact, Simon & Schmidt (1976)
originally suggested that this region can be reasonably
located between P2/P0=0.47 and P2/P0=0.53. As a con-
sequence, the values of current P2/P0 ratios do not run
against the plausibility of the resonance model.
4. Hertzsprung progression in the HR diagram
We are now interested in discussing the location of the HP
in the HR diagram and in providing a detailed comparison
with previous results already available in the literature.
Fig. 9 shows the HR diagram with the whole sample of
Cepheid models we constructed. Triangles and squares re-
fer to models which show the bump along the descending
and the rising branch of the radial velocity curve respec-
tively, while filled circles mark the models which attain
the minimum amplitude in both light and velocity varia-
tions. The same figure also displays the two resonance lines
P2/P0=0.5 for P0 = 10.5 d (dotted line) and for P0 = 11.0
d (dashed line) as estimated by SK assuming a mildly
different chemical composition (Y=0.29, Z=0.01 against
Y=0.25, Z=0.008). In this figure are also plotted our lin-
ear (long-dashed) and nonlinear (solid line) P2/P0=0.50
resonance lines. The former is based on linear periods,
while the latter on linear second overtone periods and
nonlinear fundamental periods. These two resonance lines
were estimated by searching within the instability strip the
models which attain a period ratio P2/P0 roughly equal
to 0.50. The nonlinear resonance line is mildly shifted to-
ward cooler effective temperatures because the nonlinear
fundamental periods are slightly shorter than the linear
ones and therefore the resonance line moves toward the
red edge.
The SK resonance lines were evaluated by adopting a
Newton-Raphson algorithm which for each given value of
the effective temperature constructs a sequence of linear,
nonadiabatic, radiative models by iterating on the values
of mass and luminosity until both the resonance condition
-P2/P0=0.5- and the resonance center -P0 = 10.5, 11.0 d-
are matched. A slightly different approach for estimating
the resonance lines in a linear regime was suggested by
Buchler et al. (1996) but their predictions were not in-
cluded in Fig. 9, because the effective temperature values
were not provided.
Fig. 9 shows that the SK resonance lines are located
at hotter effective temperatures when compared with the
nonlinear HP centers and this discrepancy increases to-
ward higher luminosities. On the other hand, our linear
and nonlinear resonance lines are located at effective tem-
peratures systematically cooler that the nonlinear HP cen-
ters. The difference between our and SK resonance lines is
not surprising, since our pulsation models are constructed
by adopting different physical assumptions and chemical
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Fig. 9. Distribution in the HR diagram of Bump Cepheid
models. Cepheid models with a bump along the descend-
ing or the rising branch are plotted as triangles and
squares. Cepheid models which attain along each sequence
the minimum amplitude are plotted as filled circles. The
dotted and the dashed lines refer to the linear P2/P0=0.5
resonance lines derived by SK assuming that the resonance
center is at P0 = 10.5 d and 11.0 d respectively. The long-
dashed and the solid lines show our linear and nonlinear
P2/P0=0.50 resonance lines.
composition. However, we note that for each given lumi-
nosity the stellar masses adopted by SK are systematically
smaller than our mass values and this difference typically
increases when moving from lower to higher luminosities.
The same difference appears in mass estimates, based
on a similar approach, provided by Beaulieu & Sasselov
(1997, and references therein), and indeed for LMC Bump
Cepheids at the resonance center P0 = 10.5 d they give a
mass value of 4.57M⊙. In order to test how the dynamical
behavior depends on stellar mass, we constructed a new
full amplitude, fundamental model by adopting the in-
put parameters (M/M⊙=5.35, logL/L⊙=3.65, Te=5700
K) and chemical composition (Y=0.29, Z=0.01) used by
SK. We selected this model since its location in the HR
diagram is coincident with a model of our sequence for
M/M⊙=7.0 (logL/L⊙=3.65, Te=5700 K). Fig. 10 shows
light (top) and velocity (bottom) curves as a function
of phase for our model (solid lines) and the model con-
structed by adopting the SK parameters (dashed lines).
Although, the two models attain similar pulsation ampli-
tudes (see Table 3) the shape of the curves is quite differ-
ent. In fact, the bump in the less-massive model is located
along the rising branch, while in the more-massive model
along the descending branch.
However, the key result disclosed by Fig. 10 is that
the the less-massive model, which is located very close
to the 2:1 resonance line (P2/P0≈ 0.494, P0 = 11.0398
d), presents almost symmetrical curves and a small bump
on the rising branch, whereas the curves of the canoni-
cal model are more asymmetric around the maximum and
show a well-defined bump along the decreasing branch.
This means that the previous models should present quite
different Fourier parameters. On the basis of these find-
ings we can draw the following conclusion: theoretical light
and velocity curves of Bump Cepheid models depend on
the adopted ML relation, therefore the comparison be-
tween theory and observations can supply independent
constraints on this relation (Wood et al. 1997; paper I).
Bump Cepheid models located at the HP center can pro-
vide tight constraints on theory, since the shape of light
and velocity curves shows a stronger dependence on input
parameters.
In this context it is noteworthy that stellar masses
based on linear period ratios are, as already noted by
MBM, SK, and by Buchler et al. (1996), systematically
smaller than the observed ones. On the other hand, our
nonlinear, convective models based on a canonical ML
relation agree with empirical Galactic Cepheid masses
estimated by Gieren (1989) using the Baade-Wesselink
method. In fact, by using the Gieren’s Period-Mass re-
lation (his relation 2) for PHP = 11.2 d we obtain an em-
pirical Cepheid mass of M/M⊙= 6.9 ± 0.9. This mass
value is in satisfactory agreement, within the observa-
tional uncertainties, with nonlinear predictions, and in-
deed at the same period the theoretical masses range from
6.55 to 7.45 M⊙. We know that we are comparing theo-
retical predictions for LMC Cepheids with observational
data for Galactic Cepheids. However, current uncertain-
ties on mass determinations are probably larger than the
metallicity effect on Cepheid masses. In fact, preliminary
theoretical results support the evidence that the Bump
Cepheid masses at solar chemical composition are of the
order of 6.5± 0.25M⊙ (Ricci 1999).










Fig. 10. Light (top panel) and velocity (bottom panel)
variations along two consecutive cycles. Solid and dashed
lines refer to fundamental models constructed by adopting
the same luminosity and effective temperature but differ-
ent composition and mass value.
As a result, predictions based on nonlinear, convec-
tive models and on canonical evolutionary tracks settle
down the long-standing conundrum of the Bump mass dis-
crepancy. However a firm conclusion on this problem can
be reached as soon as pulsation calculations constructed
by adopting a noncanonical ML relation (i.e. based on
evolutionary models which account for convective core
overshooting) will become available. Note that accurate
and homogeneous mass determinations based on the near-
infrared surface brightness technique (Gieren et al. 1997)
and on the infrared flux method (Fernley at al. 1989) can
supply tight constraints on the Cepheid ML relation. Inde-
pendent mass estimates can also be derived from orbits of
Cepheids in binary systems. Interestingly enough, Evans
et al. (1998) have recently observed with HST the hot bi-
nary companion of U Aql, a Galactic Bump Cepheid, and
obtained for this variable a mass value of 5.1 ± 0.7M⊙.
Taken at face value this mass estimate is roughly 20%
smaller than the predicted mass range of Galactic Bump
Cepheids previously mentioned. Unfortunately, up to now
this is the only measurement of a Bump mass in a binary
system and we still lack a firm evaluation of the error
budget involved in these measurements (see their Table
2). In this context it is worth mentioning the direct mea-
surements of Cepheid diameters through optical interfer-
ometry recently provided by Nordgren et al. (2000). As
soon as new and more accurate interferometric data will
become available, this approach can certainly supply an
independent constraint on Bump Cepheid masses and in
particular on the systematic uncertainties affecting empir-
ical mass determinations.
5. Dynamical behavior of Bump Cepheid models
The appearance of the bump on the light curve is governed
by temperature and radius variations. However, we focus
our attention on radial velocity changes, since this is the
observable generally adopted to investigate the intimate
nature of the HP. In particular, we discuss the dynami-
cal behavior of two models located at the HP center and
close to red edge, the systematics of the thermal structure
will be addressed in a forthcoming paper (Bono et al. in
preparation).
Fig. 11 shows in a 3D plot the velocity variations as
a function of mean radius and phase for a fundamen-
tal model located close to the HP center (P2/P0=0.516,
Te = 5400 K) of the sequence at M/M⊙=7.0. Regions in
which the radial velocity attains positive/negative values
are plotted as solid/dotted lines. For avoiding mislead-
ing interpretations of the amplitude variations the radial
velocities were plotted, according to Aikawa & Whitney
(1985), without applying any artificial shift or enhance-
ment.
Data plotted in Fig. 11 show that the outermost layers
contract on a shorter time scale than the regions located
just below them. In fact, the external layers reach the
minimum contraction velocity at φ = 0.23 and then at
φ = 0.40 -the phase of minimum radius- start to expand,
whereas the underlying regions are still contracting. We
measure phases with respect to the beginning of the sur-
face contraction at maximum radius i.e. φ(R = Rmax) = 0.
Soon after this phase the outermost layers undergo at first
a rapid expansion reaching the maximum expansion veloc-
ity at φ = 0.54 and then a decrease in the radial velocity
due to gravity. During this slow down phase -φ ≈ 0.65-
the outermost layers interact with deeper layers (see the
arrow) that are rapidly moving outward and reach their
maximum expansion velocity at φ ≈ 0.74. The interaction
between these two different dynamical behaviors causes
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an increase in the acceleration both toward the surface
and toward the center. As a consequence in the outermost
layers the radial velocity increases once again and then
slows down showing a secondary maximum -the bump- at
φ = 0.85.
The innermost layers start to expand around φ = 0.45
but their expansion is not in phase with the outermost lay-
ers. In fact, the latter ones reach the maximum expansion
velocity at phases during which the bulk of the envelope is
still accelerating. This phase difference causes the forma-
tion of a shock between the slowing down motion of outer-
most layers and the outgoing expansion of deeper layers.
As a consequence, the shocked region undergoes a strong
compression which in turn generates pressure waves that
propagate both toward the surface and toward the center
of the stellar model. It is the outgoing pressure wave that
causes, as already noted, the appearance of the bump,
whereas the incoming pressure wave -the Christy wave-
causes a short contraction phase in the innermost regions
lasting from φ = 0.7 to φ = 0.85. Soon after the bounce
at the stellar core at φ = 0.95, the Christy wave at first
moves rapidly outward and shortly delays the beginning of
the contraction phase in the innermost regions and then
limits the inward excursion of the layers crossed during
its propagation out to the surface. This effect causes close
to the phases of minimum radius a bounce between the
overlying layers -that are rapidly contracting- and these
layers that are contracting more slowly. The shock formed
by this bounce generates two pressure waves: the outgoing
wave delays the outward excursion of the region located
just below the outermost layers, while the incoming wave
triggers the Christy wave. As a consequence, it is the prop-
agation out to surface of the Christy wave generated in
the previous cycle that eventually causes the phase shift
between the outermost layers and of the underlying re-
gions, and in turn the appearance of the bump.
A phase shift between the outermost layers and the
bulk of the envelope was also noted by Karp (1975). How-
ever, he found that the Christy wave approaches the sur-
face close to velocity maximum and not close to the bump
phase, and therefore the echo model could not completely
explain the HP. Our results support the timing suggested
by Karp but it seems that it is the Christy wave which
causes the phase shift, and in turn the bump. However, be-
fore a firm conclusion on the plausibility of this mechanism
can be reached a detailed comparison between theoretical
predictions and empirical data has to be provided.
We now briefly discuss the dynamical behavior of a
model located close to the red edge (P2/P0=0.502, Te =
5100 K) of the sequence at M/M⊙=7.0, since it presents
an interesting feature worth being investigated. Fig. 12
shows the radial velocity as viewed from the stellar sur-
face. The overall behavior is similar to the model located
close to the HP center, but in this red model the formation
and the incoming propagation of the Christy wave can
be more easily identified. In fact, close to φ ≈ 0.5 and
log< R > /1012 ≈ 3.5 its appearance is marked by a nar-
row region in which the velocity attains negative values
and then moves inward reaching the base of the envelope
at φ ≈ 0.8 (see the arrows). In this model the contraction
of the overlying layers is more rapid than for the model
close to the HP center, and indeed the Christy wave stops
the expansion of the underlying layers. This fact and the
evidence that the outermost layers start to expand at later
phases causes the appearance along the surface velocity
curve of a shoulder close to φ = 0.5 ÷ 0.55 (see the ar-
row at the top of the envelope). Soon after these layers
experience a rapid outgoing acceleration and this motion
is almost in phase with the motion of the envelope and
therefore the outermost layers do not interfere with the un-
derlying regions since they are almost co-moving. It turns
out that in this model the bump, i.e. what we defined as
the secondary maximum, is the main maximum while the
true maximum is the bump which appears on the rising
branch.
This finding provides a straightforward explanation to
what has been defined by FSS as a happy but also ill-
understood circumstance. In fact, these authors in order to
derive a linear relationship between period, phase of the
bump and Bump Cepheid radii noted that from an obser-
vational point of view it could not be firmly stated whether
the primary or the secondary maximum was generated by
the Christy wave. To overcome this thorny problem they
suggested to measure the phase of the secondary maxi-
mum if the bump is located along the descending branch
and the phase of the primary maximum if the bump ap-
pears along the rising branch. The dynamical behavior of
the Bump Cepheid model located close to the red edge
supplies a plain theoretical support to this far-sighted ob-
servational choice. At the same time, current models also
explain why light and velocity amplitudes show a ”double-
peaked” distribution when moving from the blue to the
red edge of the instability strip. The maximum located
close to the blue edge is typical of relatively short-period
Cepheids (see paper III), whereas the second one is caused
by the HP.
6. Summary and conclusions
This paper presents the results of an extensive theoreti-
cal investigation on Bump Cepheids. In order to provide a
detailed analysis of the pulsation behavior of these ob-
jects we computed several sequences of full amplitude,
nonlinear, convective models at fixed chemical composi-
tion (Y=0.25, Z=0.008). The models were constructed by
adopting a mass step of 0.15M⊙ and a temperature step
of 100 K close to the instability edges and of 50 K close
to the HP center. The main outcomes of this analysis are
the following:
1) theoretical light and velocity curves account for the
HP, and indeed close to the blue edge the bump is located
along the descending branch, at longer periods it crosses at
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first the luminosity/velocity maximum and then appears
along the rising branch.
2) In a very narrow period range both light and veloc-
ity curves show a flat-topped shape and their amplitudes
attain a well-defined minimum. The predicted period of
the minima -PHP = 11.24± 0.46 d- is in very good agree-
ment with the empirical value found by Welch et al. (1997)
for LMC Cepheids i.e. PHP = 11.2±0.8 d. Moreover, light
and velocity amplitudes present a ”double-peaked” distri-
bution which agrees with observational data.
3) Both the skewness and the acuteness of light and ve-
locity curves show a well-defined minimum at the HP cen-
ter and their distributions are in good qualitative agree-
ment with empirical estimates provided by Andreasen &
Petersen (1987). The periods of the HP center are, within
the uncertainties, in good agreement with observational
values.
4) The models at the HP center are located within
the resonance region but not on the 2:1 resonance line
(P2/P0=0.5), and indeed the P2/P0 ratios range from 0.51
to 0.52.
5) Predicted Bump Cepheid masses, based on a ML
relation which neglects the convective core overshooting,
are in good agreement with the empirical masses of Galac-
tic Cepheids estimated by adopting the Baade-Wesselink
method (Gieren 1989). In fact, the observed mass range at
the HP center -P = 11.2 d- is 6.9±0.9M⊙, while the theo-
retical one is 7.0±0.45M⊙. Even if Galactic Cepheids are
more metal-rich than LMC Cepheids, this result seems to
settle down the long-standing problem of the Bump mass
discrepancy.
The results presented in this paper were mainly aimed
at testing whether current hydrodynamical models which
include the coupling between pulsation and convection to-
gether with a ML relation based on canonical evolutionary
models account for the HP in LMC Cepheids. It is clear
that the theoretical scenario we developed seems to pro-
vide a reliable description of several empirical facts. More-
over, we confirm that Bump Cepheid models can supply
fundamental constraints on stellar masses, and in turn on
the ML relation of intermediate-mass stars. We also note
that current Cepheid metal-intermediate, convective mod-
els do show plausible pulsation properties.
Two crucial topics need to be properly addressed be-
fore firm conclusions on the HP can be reached. To vali-
date present nonlinear Cepheid models a thorough theo-
retical analysis of the Fourier parameters should be pro-
vided together with a detailed comparison with observa-
tional data available in the literature (Bono et al. in prepa-
ration). At the same time, the dependence of the HP be-
havior both on the chemical composition should be inves-
tigated as well. New and accurate CCD data on light and
velocity amplitudes as well as on the skewness and the
acuteness of these curves can certainly improve the loca-
tion of the HP center and feed the future investigations
with robust observational constraints.
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Fig. 1. Bolometric light curves (left panel) and radial velocity (right panel) curves along two consecutive cycles as a
function of the pulsation phase. The curves plotted in this figure refer to a selection of models constructed at fixed
mass and luminosity (see labeled values). The nonlinear periods (d), and the effective temperatures (K) are listed in
left and right panels. Positive and negative values denote expansion and contraction phases, respectively.
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Fig. 2. Similar to Fig. 1, but for M/M⊙=6.7 models.
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Fig. 3. Similar to Fig. 1, but for M/M⊙=6.85 models.
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Fig. 4. Similar to Fig. 1, but for a selection of models at M/M⊙=7.15.
16 Bono et al.: The Hertzsprung progression
Fig. 5. Similar to Fig. 1, but for a selection of models at M/M⊙=7.3.
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Fig. 6. Similar to Fig. 1, but for a selection of models at M/M⊙=7.45.
18 Bono et al.: The Hertzsprung progression
Fig. 11. Radial velocity variations as a function of mean radius and phase for the model located close to the HP center,
surface at bottom. Solid and dotted line refer to positive and negative velocities. The arrow marks the interaction
between inner and outer layers.
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Fig. 12. Radial velocity variations as a function of mean radius and phase for a model located close to the red edge,
surface at bottom. The two arrows at the base of the envelope mark the approach and the ensuing reflection of the
Christy wave at the stellar core, while the arrow at the surface marks the phases at which appears the shoulder.
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Table 1: Nonlinear Observables










k ∆T le KE
m
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13)
6.55 3.550 5900 6.8718 1.758 0.072 30.60 0.601 0.06 0.35 700 900 9.1320(40)
6.55 3.550 5800 7.2849 1.773 0.098 43.18 0.758 0.09 0.48 900 1100 1.5219(41)
6.55 3.550 5700 7.7306 1.789 0.102 46.07 0.714 0.09 0.51 800 1000 1.8923(41)
6.55 3.550 5600 8.2336 1.803 0.096 43.41 0.615 0.08 0.51 650 800 1.7991(41)
6.55 3.550 5500 8.7338 1.818 0.089 40.47 0.516 0.08 0.47 550 700 1.8008(41)
6.55 3.550 5400 9.2755 1.833 0.083 36.08 0.402 0.07 0.42 500 600 2.3552(41)
6.55 3.550 5300 9.8892 1.847 0.058 22.94 0.243 0.05 0.29 300 400 1.0706(41)
6.55 3.550 5250 10.2164 1.854 0.043 15.81 0.169 0.04 0.21 250 300 5.1556(40)
6.55 3.550 5200 10.5579 1.861 0.033 11.95 0.136 0.03 0.16 150 200 1.5752(40)
6.55 3.550 5150 10.9123 1.869 0.036 13.59 0.146 0.03 0.16 150 200 2.9776(39)
6.55 3.550 5100 11.2589 1.877 0.045 17.03 0.179 0.04 0.19 200 250 5.0499(39)
6.70 3.586 5900 7.2703 1.775 0.048 20.16 0.385 0.04 0.22 450 600 4.4741(40)
6.70 3.586 5800 7.7257 1.791 0.090 39.08 0.704 0.08 0.43 850 1000 1.4157(41)
6.70 3.586 5700 8.1787 1.806 0.098 43.64 0.697 0.09 0.49 800 950 1.8219(41)
6.70 3.586 5600 8.7118 1.821 0.094 42.44 0.616 0.08 0.50 700 850 3.4467(40)
6.70 3.586 5500 9.2427 1.836 0.091 40.51 0.516 0.08 0.47 600 700 2.5989(41)
6.70 3.586 5400 9.8168 1.855 0.080 33.62 0.372 0.07 0.41 450 550 2.3430(41)
6.70 3.586 5350 10.1217 1.857 0.065 25.74 0.277 0.06 0.33 350 450 1.4305(41)
6.70 3.586 5300 10.4676 1.865 0.052 19.50 0.222 0.05 0.27 300 350 8.7687(40)
6.70 3.586 5250 10.7876 1.872 0.042 15.07 0.183 0.04 0.22 200 250 3.4250(40)
6.70 3.586 5200 11.1770 1.880 0.047 18.62 0.212 0.04 0.23 250 300 1.1107(40)
6.70 3.586 5100 11.9479 1.896 0.076 29.47 0.327 0.07 0.32 400 500 2.5620(40)
6.85 3.620 5800 8.1429 1.808 0.084 35.63 0.656 0.07 0.39 750 950 1.2515(41)
6.85 3.620 5700 8.6411 1.823 0.094 41.36 0.679 0.08 0.48 750 950 1.2991(41)
6.85 3.620 5600 9.1850 1.838 0.094 41.82 0.611 0.08 0.49 700 850 1.8822(41)
6.85 3.620 5500 9.7459 1.853 0.093 40.36 0.517 0.08 0.48 600 750 3.1404(41)
6.85 3.620 5450 10.0558 1.860 0.086 36.20 0.430 0.08 0.44 500 650 2.7778(41)
6.85 3.620 5400 10.3578 1.867 0.076 30.85 0.347 0.07 0.40 450 550 2.2254(41)
6.85 3.620 5350 10.6894 1.875 0.061 23.11 0.276 0.05 0.32 350 400 1.3148(41)
6.85 3.620 5300 11.0408 1.882 0.052 17.97 0.232 0.04 0.27 250 300 6.0248(40)
6.85 3.620 5250 11.4360 1.889 0.055 22.05 0.265 0.05 0.29 300 350 2.2124(40)
6.85 3.620 5200 11.8202 1.898 0.077 32.79 0.385 0.07 0.39 450 550 2.3564(40)
6.85 3.620 5100 12.6365 1.916 0.112 44.79 0.544 0.10 0.53 650 800 7.7163(40)
7.15 3.690 5800 9.0744 1.842 0.060 24.48 0.453 0.05 0.27 550 650 3.9501(40)
7.15 3.690 5700 9.6344 1.858 0.081 34.50 0.576 0.07 0.41 700 850 5.9840(40)
7.15 3.690 5600 10.2641 1.873 0.090 37.74 0.550 0.08 0.46 650 800 2.4011(41)
7.15 3.690 5550 10.5597 1.880 0.085 34.96 0.476 0.07 0.44 550 700 2.3934(41)
7.15 3.690 5500 10.8941 1.887 0.081 31.94 0.407 0.07 0.43 500 600 2.2713(41)
7.15 3.690 5450 11.2419 1.895 0.068 25.25 0.340 0.06 0.36 350 450 1.4116(41)
7.15 3.690 5400 11.6051 1.902 0.063 23.24 0.327 0.05 0.34 350 400 8.6794(40)
7.15 3.690 5350 11.9971 1.910 0.074 30.24 0.400 0.06 0.39 450 550 3.7647(40)
7.15 3.690 5300 12.4099 1.919 0.103 44.55 0.581 0.09 0.53 650 800 7.2956(40)
7.15 3.690 5200 13.2676 1.938 0.142 58.72 0.789 0.12 0.74 900 1150 1.7414(41)
7.15 3.690 5100 14.1940 1.955 0.163 62.48 0.865 0.14 0.83 1050 1250 2.4528(41)
7.15 3.690 5000 15.1090 1.970 0.166 58.15 0.758 0.15 0.77 950 1150 3.2418(41)
7.15 3.690 4900 16.0454 1.980 0.094 29.91 0.314 0.08 0.35 400 500 1.0253(41)
Table 1: Continued










k ∆T le KE
m
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13)
7.30 3.720 5800 9.4996 1.857 0.048 19.32 0.358 0.04 0.21 450 550 2.5048(40)
7.30 3.720 5700 10.0848 1.872 0.071 32.81 0.560 0.07 0.40 650 800 8.2223(40)
7.30 3.720 5600 10.7479 1.888 0.083 33.67 0.493 0.07 0.43 600 700 1.9504(41)
7.30 3.720 5575 10.8600 1.891 0.084 33.78 0.480 0.07 0.44 550 700 2.1880(41)
7.30 3.720 5550 11.0578 1.895 0.081 32.06 0.440 0.07 0.43 500 650 2.1052(41)
7.30 3.720 5525 11.2599 1.899 0.078 30.04 0.397 0.07 0.41 500 600 1.9245(41)
7.30 3.720 5500 11.4131 1.903 0.074 27.89 0.380 0.06 0.40 450 550 1.6865(41)
7.30 3.720 5475 11.5898 1.906 0.070 25.31 0.363 0.06 0.38 400 450 1.3366(41)
7.30 3.720 5450 11.7741 1.910 0.067 24.35 0.359 0.06 0.36 350 450 9.9195(40)
7.30 3.720 5400 12.1549 1.918 0.075 30.11 0.420 0.07 0.40 450 550 5.4813(40)
7.30 3.720 5300 13.0085 1.936 0.126 53.97 0.731 0.11 0.65 800 1000 1.3798(41)
7.30 3.720 5200 13.9396 1.955 0.160 65.25 0.885 0.14 0.84 1050 1250 2.5421(41)
7.30 3.720 5100 14.8666 1.971 0.176 64.60 0.917 0.15 0.89 1100 1350 3.3421(41)
7.30 3.720 5000 15.8518 1.987 0.184 64.19 0.879 0.16 0.87 1100 1350 5.2853(41)
7.30 3.720 4900 16.8146 1.994 0.067 20.71 0.212 0.06 0.24 300 350 4.9524(40)
7.45 3.752 5800 9.9895 1.872 0.018 7.58 0.142 0.02 0.08 150 200 7.0975(39)
7.45 3.752 5700 10.5798 1.888 0.071 28.74 0.489 0.06 0.36 600 700 6.9298(40)
7.45 3.752 5625 11.1041 1.900 0.075 29.46 0.446 0.07 0.39 550 650 1.3650(41)
7.45 3.752 5600 11.2759 1.903 0.075 28.84 0.422 0.06 0.39 500 650 1.4235(41)
7.45 3.752 5575 11.4520 1.907 0.073 27.43 0.386 0.06 0.38 450 600 1.3788(41)
7.45 3.752 5550 11.6314 1.911 0.071 25.98 0.378 0.06 0.37 450 550 1.2519(41)
7.45 3.752 5525 11.8146 1.914 0.069 24.52 0.375 0.06 0.37 400 500 1.0727(41)
7.45 3.752 5500 12.0010 1.919 0.069 25.09 0.383 0.06 0.37 400 500 8.3532(40)
7.45 3.752 5450 12.4169 1.927 0.079 31.69 0.464 0.07 0.42 500 600 5.5981(40)
7.45 3.752 5400 12.8257 1.936 0.105 44.08 0.634 0.09 0.54 700 850 8.6258(40)
7.45 3.752 5300 13.7265 1.955 0.148 61.86 0.855 0.13 0.76 1000 1200 2.3433(41)
7.45 3.752 5200 14.6879 1.972 0.174 69.28 0.951 0.15 0.93 1100 1400 3.6237(41)
7.45 3.752 5100 15.6774 1.990 0.196 71.38 1.011 0.17 1.01 1250 1500 5.4076(41)
7.45 3.752 5000 16.7485 2.005 0.196 67.49 0.964 0.17 0.91 1150 1400 7.9229(41)
7.45 3.752 4900 17.7920 2.015 0.136 43.37 0.520 0.12 0.52 650 800 2.7150(41)
a Stellar mass (solar units). b Logarithmic luminosity (solar units). c Effective temperature (K). d Fundamental
period (day). e Logarithmic mean radius (solar units). f Fractional radius variation. g Radial velocity amplitude
(Kms−1). h Bolometric amplitude (mag). i Amplitude of logarithmic static gravity. j Amplitude of logarithmic
effective gravity. k Surface temperature variation (K). l Effective temperature variation (K). m Total kinetic energy
(erg).
Table 2: HP Systematic Behavior








(1) (2) (3) (4) (5) (6) (7) (8)
6.55 5900 0.539 0.735 2.378i 1.387i 2.058i 0.923i
6.55 5800 0.537 0.944 2.717 1.123 2.953 0.852
6.55 5700 0.533 0.905 2.559 0.721 2.717 0.789
6.55 5600 0.528 0.794 2.021 0.475 2.378 0.600
6.55 5500 0.526 0.682 1.755 0.453 1.976 0.572
6.55 5400 0.525 0.551 1.976 0.460 2.021 0.605
6.55 5300 0.522 0.350 2.759 0.481 2.021 0.592
6.55 5250 0.520 0.244 2.774 0.468 1.915 0.550
6.55 5200 0.517 0.187 0.546 0.471 0.650 0.543
6.55 5150 0.514 0.210 0.587 0.548 0.681 0.706
6.55 5100 0.514 0.265 0.647 0.618 0.730 0.862
6.70 5900 0.535 0.476 1.924 1.222 1.710 0.945
6.70 5800 0.532 0.879 2.774 1.150 2.663 0.828
6.70 5700 0.530 0.886 2.390 0.689 2.584 0.739
6.70 5600 0.525 0.797 1.959 0.508 2.268 0.577
6.70 5500 0.523 0.687 1.915 0.490 2.077 0.582
6.70 5400 0.522 0.514 2.165 0.479 2.155 0.600
6.70 5350 0.524 0.393 2.802 0.473 2.096 0.582
6.70 5300 0.519 0.299 2.846 0.460 2.067 0.538
6.70 5250 0.518 0.248 0.538 0.473 0.629 0.515
6.70 5200 0.515 0.299 0.608 0.527 0.658 0.615
6.70 5100 0.510 0.485 0.818 0.681 0.818 0.965
6.85 5800 0.530 0.819 2.484 1.141 2.677 0.815
6.85 5700 0.525 0.864 2.279 0.704 2.496 0.647
6.85 5600 0.523 0.795 2.021 0.550 2.247 0.580
6.85 5500 0.522 0.690 2.003 0.517 2.236 0.585
6.85 5450 0.520 0.583 2.067 0.501 2.247 0.590
6.85 5400 0.521 0.473 2.289 0.479 2.257 0.575
6.85 5350 0.518 0.362 0.585 0.466 2.185 0.531
6.85 5300 0.516 0.311 0.580 0.481 0.626 0.497
6.85 5250 0.513 0.367 0.647 0.527 0.664 0.577
6.85 5200 0.511 0.547 0.773 0.577 0.761 0.718
6.85 5100 0.506 0.804 1.075 0.727 0.972 1.024
7.00 5800 0.528 0.713 2.110 1.078 2.365 0.801
7.00 5700 0.525 0.829 2.154 0.733 2.437 0.621
7.00 5600 0.522 0.777 1.985 0.587 2.279 0.580
7.00 5500 0.524 0.622 2.096 0.536 2.311 0.587
7.00 5450 0.515 0.517 2.030 0.499 2.333 0.567
7.00 5400 0.516 0.388 0.597 0.486 2.205 0.524
7.00 5350 0.513 0.375 0.613 0.501 0.631 0.488
7.00 5300 0.513 0.446 0.675 0.536 0.681 0.577
7.00 5200 0.507 0.858 1.042 0.885 0.939 0.866
7.00 5100 0.502 1.065 1.317 0.959 1.113 1.072
7.00 5000 0.500 0.868 1.278 0.977 1.189 1.257
Table 2: Continued








(1) (2) (3) (4) (5) (6) (7) (8)
7.15 5800 0.525 0.568 1.809 1.024 1.994 0.792
7.15 5700 0.522 0.738 2.215 0.754 2.195 0.626
7.15 5600 0.518 0.720 2.086 0.631 2.378 0.590
7.15 5550 0.517 0.631 2.077 0.585 2.356 0.582
7.15 5500 0.517 0.546 1.994 0.534 2.401 0.560
7.15 5450 0.514 0.445 0.645 0.508 2.333 0.515
7.15 5400 0.513 0.434 0.658 0.524 0.647 0.497
7.15 5350 0.513 0.543 0.742 0.565 0.712 0.587
7.15 5300 0.508 0.802 0.919 0.972 0.855 0.692
7.15 5200 0.502 1.130 1.299 0.965 1.114 0.927
7.15 5100 0.498 1.274 1.538 1.141 1.247 1.392
7.15 5000 0.497 1.159 1.525 1.457 1.469 1.358
7.15 4900 0.498 0.507 1.252 1.092 1.174 1.146
7.30 5800 0.524 0.449 1.577 0.996 1.747 0.802
7.30 5700 0.522 0.716 2.049 0.795 2.311 0.621
7.30 5600 0.516 0.647 2.067 0.647 2.356 0.577
7.30 5575 0.519 0.635 2.154 0.610 2.413 0.575
7.30 5550 0.516 0.585 2.067 0.587 2.413 0.558
7.30 5525 0.514 0.532 2.030 0.555 2.425 0.541
7.30 5500 0.516 0.493 0.701 0.536 2.413 0.524
7.30 5475 0.514 0.475 0.683 0.538 2.367 0.501
7.30 5450 0.513 0.471 0.678 0.543 0.653 0.495
7.30 5400 0.511 0.562 0.739 0.570 0.704 0.555
7.30 5300 0.510 1.013 1.101 1.028 0.992 0.779
7.30 5200 0.500 1.271 1.433 0.980 1.237 0.953
7.30 5100 0.495 1.351 1.611 1.299 1.404 1.427
7.30 5000 0.494 1.291 1.793 1.778 1.625 1.375
7.30 4900 0.478 0.345 1.146 1.079 1.110 1.092
7.45 5800 0.522 0.178 1.283 0.972 1.273 0.894
7.45 5700 0.530 0.628 1.994 0.789 2.215 0.618
7.45 5625 0.516 0.585 2.106 0.664 2.344 0.572
7.45 5600 0.515 0.556 2.125 0.623 2.344 0.558
7.45 5575 0.514 0.513 2.049 0.582 2.356 0.543
7.45 5550 0.513 0.487 0.727 0.560 2.356 0.522
7.45 5525 0.512 0.487 0.724 0.567 2.356 0.499
7.45 5500 0.511 0.500 0.733 0.580 0.667 0.504
7.45 5450 0.508 0.616 0.782 0.615 0.724 0.565
7.45 5400 0.507 0.854 0.923 0.631 0.852 0.653
7.45 5300 0.501 1.195 1.252 0.992 1.155 0.848
7.45 5200 0.497 1.372 1.538 1.028 1.347 1.304
7.45 5100 0.494 1.492 1.774 1.389 1.699 1.463
7.45 5000 0.489 1.419 2.378 1.740 1.770 1.381
7.45 4900 0.489 0.823 1.710 1.212 1.433 1.207
a Stellar mass (solar units). b Effective temperature (K). c Second overtone
to fundamental period ratio. d Visual amplitude (mag). e Acuteness
of visual light curve. f Skewness of visual light curve. g Acuteness of
radial velocity curve. h Skewness of radial velocity curve. i The Ac and
Sk values based on light curves were estimated by adopting the magnitude
scale -the maximum is the minimum value-, while the Ac and Sk values
based on velocity curves were estimated by adopting the theoretical notation
i.e. the maximum value is attained during the outward excursion (positive
values). Both for light and velocity curves we assumed that the phase is zero
at maximum.












a Y and Z are the helium and the metal content
respectively. The other symbols and their units
are the same as in Tables 1 and 2. b SK model.
c Paper III model.
